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Strongly interacting topological states in multi-particle quantum systems pose great challenges to
both theory and experiment. Recently, bound states of elementary spin waves (magnons) in quantum
magnets have been experimentally observed in quantumHeisenberg chains comprising ultracold Bose
atoms in optical lattices. Here, we explore a strongly interacting topological state called topological
magnon bound-state in the quantum Heisenberg chain under cotranslational symmetry. We find
that the cotranslational symmetry is the key to the definition of a topological invariant for multi-
particle quantum states, which enables us to characterize the topological features of multi-magnon
excitations. We calculate energy spectra, density distributions, correlations and Chern numbers of
the two-magnon bound-states and show the existence of topological protected edge bound-states.
Our study not only opens a new prospect to pursue topological magnon bound-states, but also gives
insights into the characterization and understanding of strongly interacting topological states.
I. INTRODUCTION
The study of magnons in quantum spin models can
provide fundamental insights into collective excitations
and low-energy properties of quantum magnetic sys-
tems. The quantum Heisenberg chain is one of the typ-
ical models of interacting spins. The well-known collec-
tive excitations around the ground state of a ferromag-
netic Heisenberg chain appear as quasiparticle excita-
tions, the so-called magnons1. Due to the ferromagnetic
interaction, in addition to continuous scattering states,
magnon bound-states do appear when the interaction
is strong enough1–3. Recently, magnon excitations and
their bound-states have been observed in the quantum
Heisenberg chains comprising bosonic atoms in optical
lattices4,5.
On the other hand, since the discovery of topologi-
cal insulators, the studies of topological matters have
attracted extensive interests in recent years6–8. Up to
now, theoretical understanding of noninteracting topo-
logical phases has been established completely9,10. In
the past few years, the topological feature of single-
magnon excitations has been studied in both theory and
experiment11–17. Beyond the scenario for single-magnon
topological excitations, it is of great importance to clar-
ify whether topological bound-states can emerge in a
strongly interacting multi-magnon system. In general,
strongly interacting topological states pose much difficul-
ties to both theory18 and experiment19. The character-
ization of strongly interacting topological states is quite
different from that of the weakly interacting counter-
parts20,21. In particular, due to the strong inter-particle
correlations, it is not easy to define a topological invariant
and to clarify the interplay between topological features
and inter-particle interactions.
In this article, we pursue a new direction to explore the
topological magnon bound-states in a quantum Heisen-
berg XXZ chain. We find that it is possible to define a
topological invariant if the system presents a cotransla-
tional symmetry: collective translational invariance of a
multi-particle system. We demonstrate that our topolog-
ical invariant can be used to characterize the topological
feature of multi-magnon bound-states.
Compared with other topological invariants, our defi-
nition directly associates with the intrinsic symmetry in
the considered system. The famous Thouless-Kohmoto-
Nightingale-Nijs (TKNN) invariant (i.e. the first Chern
number)22, which is an integral of the Berry curvature
of Bloch states over the first Brillouin zone, strongly
depends on the Bloch states, and thus applies only to
noninteracting systems. A well-known generalization of
TKNN invariant for interacting systems is by using the
so-called twisted boundary condition23. Another way to
defining topological invariant for interacting systems is
the Green-function method24,25. Differently, our topolog-
ical invariant is directly defined based upon the cotrans-
lational symmetry. With our topological invariant, we
study the two-magnon excitations in a periodically mod-
ulated Heisenberg XXZ chain and explore the emergence
of topological magnon bound-states. To give insights to
the topological origin of these magnon bound-states, we
derive an effective Hamiltonian by using many-body de-
generate perturbation theory. Moreover, it is possible
to experimentally examine our predictions via quantum
spin chains comprising ultracold atoms4,5 or ions26–28.
This article is organized as follows. This section in-
troduces the background and motivation. In Sec. II,
we describe our model and discuss its basic proper-
ties. In Sec. III, we introduce the cotranslational sym-
metry in interacting multi-particle systems and define a
topological invariant associates with this symmetry. In
Sec. IV, we study two-magnon excitations in a period-
ically modulated Heisenberg chain. We give the two-
magnon excitation spectrum, calculate the defined Chern
numbers and reveal butterfly-like spectrum of magnon
bound-states. In order to clarify the topological origin of
2magnon bound-states in our model, we derive an effec-
tive single-particle Hamiltonian by using the degenerate
perturbation theory in Sec. V. Finally, we discuss the
experimental possibilities and summarize our results in
Sec. VI.
II. MODEL
We consider a Heisenberg XXZ chain described by the
following Hamiltonian,
Hˆ = −
∑
l
[
J
(
Sˆ+l Sˆ
−
l+1 + Sˆ
−
l Sˆ
+
l+1
)
+∆Sˆzl Sˆ
z
l+1
]
+
∑
l
BlSˆ
z
l +B0
∑
l
Sˆzl , (1)
with the spin- 12 operators (Sˆ
x
l , Sˆ
y
l , Sˆ
z
l ) and Sˆ
±
l = Sˆ
x
l ±iSˆ
y
l
for the l-th lattice site. For simplicity, we use the units
of the reduced Planck constant ~ = 1. Here, J and ∆
are the transverse and longitudinal spin-exchange cou-
plings, respectively. In addition to the uniform field
B0, the magnetic fields include periodic modulations
Bl = λ cos(2piβl + δ) characterized by the modulation
amplitude λ, the periodic parameter δ and the rational
number β = p/q (in which p and q are coprime integers).
Similar to the modulated single-particle systems29, the
periodic parameter δ may act as an additional dimension
for constructing the torus and defining the topological
invariant. However, differently, the single-particle quasi-
momenta for interacting multi-particle systems are no
longer good quantum numbers. This difference imposes
a great challenge to define topological invariants for in-
teracting multi-particle systems.
For convenience, we concentrate on studying magnon
excitations over the fully magnetized state |↓↓ . . . ↓〉 with
all spins pointing downwards. For a positive and suffi-
ciently large B0, the ground state is the fully magne-
tized state |↓↓ . . . ↓〉. The excited states over |↓↓ . . . ↓〉
can be obtained by flipping spins. Regarding the ground
state as a vacuum state, the excited states can be viewed
as a gas of quasi-particles called magnons. Thus the
transverse and longitudinal spin-exchange couplings re-
spectively represent the hopping and interaction between
magnons, and the magnetic fields (B0, Bl) describe the
on-site energy of magnons. Since the Hamiltonian (1)
respects the U(1) symmetry under rotation transforma-
tions, Sˆ±l → e
±iθSˆ±l , the total spin along z-direction
Sˆz =
∑
l Sˆ
z
l is conserved. Therefore, the total magnon
number (the number of spins that point upwards) Nˆ =∑
l nˆl is also conserved, where nˆl = Sˆ
z
l + 1/2 is the
magnon number for the l-th lattice site.
III. TOPOLOGICAL INVARIANT UNDER
COTRANSLATIONAL SYMMETRY
The quantum Heisenberg chain (1) actually respects
a cotranslational symmetry associated with the cotrans-
lational operator. Under periodic boundary condition
(BC), the center-of-mass (c.o.m) quasi-momentum asso-
ciated with the cotranslational operator is a good quan-
tum number. Based on the above c.o.m quasi-momentum
and the periodic parameter of the modulation field, we
successfully construct an artificial torus and then define
a Chern topological invariant.
In order to define the cotranslational symmetry, we
introduce the N -magnon wavefunction. For a Lt-
lattice system under the periodic BC, the N -magnon
Hilbert space can be spanned by the basis, B(N) ={
|l1l2 . . . lN〉 = Sˆ
+
l1
Sˆ+l2 . . . Sˆ
+
lN
|0〉
}
, in which |0〉 =
|↓↓ . . . ↓〉 and 1 ≤ l1 < l2 < . . . < lN ≤
Lt. An arbitrary N -magnon state can be expanded
as, |Ψ〉 =
∑
l1<l2<...<lN
ψ(l1, l2, . . . , lN) |l1l2 . . . lN 〉,
where the N -magnon wavefunction ψ(l1, l2, . . . , lN ) =
〈0| Sˆ−lN . . . Sˆ
−
l2
Sˆ−l1 |Ψ〉. According to Hamiltonian (1), the
N -magnon wavefunction obeys,
Hψ(l1, l2, . . . , lN )
=−J
N∑
j=1
∑
α=±1
ψ(l1, . . . , lj−1, lj + α, lj+1, . . . , lN )
+Vl1l2...lNψ(l1, l2, . . . , lN), (2)
with
Vl1l2...lN = −∆
N−1∑
j=1
δlj+1,lj+1−∆δl1,1δlNLt+
N∑
j=1
Blj , (3)
where a constant energy shift has been removed.
In the N -magnon sector, the cotranslational operator
Tq(τ) can be defined as
Tq(τ)ψ(l1, . . . , lN) = ψ(l1 + τq, . . . , lN + τq), (4)
where τ is an integer. Here we assume the lattice size Lt
is commensurate with the periodic modulation (i.e. Lt =
qs with s an integer). As Tq(τ)Tq(τ
′) = Tq(τ
′)Tq(τ) =
Tq(τ + τ
′) and [Tq(τ)]
−1 = Tq(−τ), an Abelian group
can be constructed. We call this Abelian group as the
cotranslation group. Since Vl1+q,l2+q,...,lN+q = Vl1l2...lN ,
one can easily demonstrate that Tq(τ)Hψ(l1, . . . , lN) =
HTq(τ)ψ(l1, . . . , lN ) holds for an arbitrary N -magnon
wavefunction ψ(l1, . . . , lN). Therefore the Hamiltonian
commutes with all cotranslation operators, that is, it is
invariant under the cotranslation group
[Tq(τ)]
−1HTq(τ) = H, (5)
which represents a cotranslational symmetry.
Under the cotranslational symmetry, the Hamiltonian
H and the cotranslational operator Tq(τ) have common
eigenstates. The common eigenstates obey
Tq(τ)ψ(l1, l2, . . . , lN ) = cq(τ)ψ(l1, l2, . . . , lN), (6)
3where cq(τ) are eigenvalues of Tq(τ). It is easy to find
cq(τ1)cq(τ2) = cq (τ1 + τ2) and [cq(τ)]
−1 = cq(−τ), thus
the eigenvalues could be chosen as the exponential func-
tion cq(τ) = e
ikτq with the parameter k30. Moreover, un-
der periodic BC, k = 2piα/Lt (with α = 1, 2, · · · , Lt/q)
becomes a good quantum number. From Eqs. (4) and
(6), we have
ψ(l1 + τq, . . . , lN + τq) = Tq(τ)ψ(l1, . . . , lN ),
= eikτqψ(l1, . . . , lN ), (7)
which resembles the Bloch theorem for single-particle
systems with translational symmetry. Therefore,
k is the eigenvalue of the generator for the co-
translation group and functions as the corresponding
c.o.m quasi-momentum. By defining ψ(l1, . . . , lN ) =
ei
k
N
(l1+···+lN )φ(l1, . . . , lN ), from Eq. (7), we find that
φ(l1, . . . , lN ) is invariant under the cotranslation group,
i.e., φ(l1 + τq, . . . , lN + τq) = φ(l1, . . . , lN ). This means
that ψ(l1, . . . , lN) resembles the Bloch function.
Based upon the cotranslational symmetry and the cor-
responding c.o.m quasi-momentum, we now show how
to formulate the topological invariant for our interacting
multi-magnon system. It is important to note that the
periodic parameter δ has been introduced in the mod-
ulation field. Therefore, through combining the peri-
odic parameter δ with the c.o.m quasi-momentum k, one
can construct an artificial torus in the two-dimensional
momentum space, where δ acts as the quasi-momentum
in the second dimension29,31–33. Based on this artificial
torus, similar to a realistic two-dimensional periodic sys-
tem22, we can define the Chern number as
Cn =
1
2pi
∫ 2pi/q
0
dk
∫ 2pi
0
dδ Fn(k, δ), (8)
where Fn(k, δ) = Im
(
〈∂δφn | ∂kφn〉 − 〈∂kφn | ∂δφn〉
)
is
the Berry curvature of the n-th band, with |φn〉 = |φn,k,δ〉
and φn,k,δ(l1, . . . , lN ) = 〈0| Sˆ
−
lN
. . . Sˆ−l2 Sˆ
−
l1
|φn,k,δ〉.
IV. TOPOLOGICAL TWO-MAGNON
EXCITATIONS
Below we take two-magnon excitations as an example
and show how topological bound-states emerge. The two-
magnon excitations in the field-free quantum Heisenberg
chain have been well studied, such as the time-evolution
dynamics can be understood as the quantum walks of
two hard-core bosons34. Under strong anisotropy (∆ ≫
J > 0), the two-magnon spectrum includes two bands, in
which the upper and lower bands respectively correspond
to scattering and bound-states. Below, we will study the
two-magnon excitations in Hamiltonian (1) and demon-
strate the existence of topological two-magnon bound-
states via calculating energy spectra, density distribu-
tions, correlations and Chern numbers.
Given the two-magnon basis, B(2) =
{
|l1l2〉 =
Sˆ+l1 Sˆ
+
l2
|0〉
}
with (1 ≤ l1 < l2 ≤ Lt), the
TABLE I. The Chern numbers for q magnon-bound-state sub-
bands. The parameters are chosen as β = p/q (3 ≤ q ≤ 9
and q are odd numbers), ∆/J = 100, λ/J = 0.04 and
Lt = qs > 900.
p/q 1/3 1/5 2/5 1/7 2/7 3/7 1/9 2/9 4/9
1 −4 −2
1 −3 −2 1 5 −2
1 −2 1 4 5 1 −4 7
1 1 3 1 −3 −2 1 5 −2
Cn −2 −4 −2 −6 4 −2 −8 −4 −2
1 1 3 1 −3 −2 1 5 −2
1 −2 1 4 5 1 −4 7
1 −3 −2 1 5 −2
1 −4 −2
two-magnon wavefunction can be written as |Ψ〉 =∑
l1<l2
ψ(l1, l2) |l1l2〉. Through Eq. (2), one can obtain
the two-magnon eigenequation,
Hψ(l1, l2) = −J
[
ψ(l1 + 1, l2) + ψ(l1 − 1, l2)
+ ψ(l1, l2 + 1) + ψ(l1, l2 − 1)
]
+Vl1l2ψ(l1, l2) = Eψ(l1, l2), (9)
where Vl1l2 = −∆(δl1+1,l2 + δl1,1δl2,Lt) + (Bl1 + Bl2).
According to Eq. (7), the two-magnon wavefunction
reads as ψn,k(l1, l2) = e
i
2
(l1+l2)kφn,k(l1, l2), in which
φn,k(l1 + q, l2 + q) = φn,k(l1, l2). Thus the above two-
magnon eigenequation (9) can be rewritten as
Enφn,k(l1, l2) = Vl1l2φn,k(l1, l2)
−J
[
e
i
2
kφn,k(l1 + 1, l2) + e
− i
2
kφn,k(l1 − 1, l2)
+ e
i
2
kφn,k(l1, l2 + 1) + e
− i
2
kφn,k(l1, l2 − 1)
]
.(10)
Since φn,k(l1 + q, l2 + q) = φn,k(l1, l2), the above eigen-
value problem reduces to the problem of diagonalizing a
q(Lt−1)
2 ×
q(Lt−1)
2 matrix for each k.
We show the two-magnon excitation spectrum in
Fig. 1. Under periodic BC, there are two separated
bands: the upper continuum band and the lower bound-
state band, see Fig. 1 (a). The bound-state bulk band
includes three subbands due to β = 1/3 (it includes q
subbands if β = p/q), see Fig. 1 (b). Since the sub-
bands are well separated from each other with finite
gaps, we can successfully calculate their Chern num-
bers according to the definition (8). In Tab. I, we give
the Chern numbers for β = p/q for all odd q with
3 ≤ q ≤ 9. As the transformation β → (1 − β) re-
sults to λ cos(2piβl + δ) → λ cos(2piβl − δ), one can find
that the spectrum structure remains unchanged after the
transformation, thus the systems with β and (1−β) have
the same Chern numbers. This means that we only need
calculate the Chern numbers for 0 < β < 1/2.
Our calculation shows that the three bound-state sub-
bands for β = 1/3 shown in Fig. 1b have the Chern
numbers Cn = (1,−2, 1), respectively. The nontrivial
4FIG. 1. (Color online) Two-magnon excitation spectra. (a) Spectrum for periodic BC (Lt = 99). (b) Magnon-bound-state
spectrum for periodic BC (Lt = 99). (c) Spectrum for open BC (Lt = 100). (d) Magnon-bound-state spectrum for open BC
(Lt = 100). (e) Magnon density distribution nl = 〈ψ| nˆl |ψ〉 corresponding to the eigenstates of the red pentagrams (A - edge
state localized at right, B - bulk state, C - edge state localized at left) in the spectrum (d). (f) Two-magnon correlations Γqr
corresponding to (e) (here only the region with non-zero correlations is presented). (g) Two-magnon minor diagonal correlations
Γl,l+1 of (f). The other parameters are chosen as ∆/J = 100, λ/J = 0.04, β = 1/3 and δ = pi/6.
Chern numbers indicate that the magnon bound-states
in these three subbands are nontrivial topological states.
Meanwhile, one can find that the Chern number distribu-
tions of these subbands resemble the ones of the Harper-
Hofstadter model35,36, which has been used to describe
the integer quantum Hall effect22,37,38. This feature is
quite remarkable because our system is of strong inter-
particle interactions and the Harper-Hofstadter model is
interaction-free. The identical topological invariants of
the two models means that they share the same topo-
logical origins. This point is further supported by the
butterfly-like spectrum for the two-magnon states, see
Fig. 2. Interestingly, the butterfly-like spectrum also re-
sembles the one for the Harper-Hofstadter model.
In addition to the nontrivial Chern numbers, another
hallmark of topological phases is the appearance of edge
states in the system under open BC. Due to the open
BC, the c.o.m quasi-momentum k is no longer a good
quantum number, see Fig. 1 (c). Besides the extended
bound-states, the edge bound-states appear in the energy
gaps, see the pentagrams A and C in Fig. 1 (d). To il-
lustrate these bound-states are edge states, we plot their
density distribution in Fig. 1 (e). The density distribu-
tion clearly shows that these bound-states do localize on
the left or right. In Fig. 1 (f), we calculate the two-
magnon spin correlations Γqr = 〈ψ| Sˆ
+
q Sˆ
+
r Sˆ
−
r Sˆ
−
q |ψ〉 for
localized edge and extended bulk bound-states. The left
and right edge bound-states manifest as the correlation
peaks on lower left and upper right quarters along the two
minor diagonal lines, respectively. In contrast, the bulk
bound-states extensively distribute along the whole mi-
nor diagonal lines. In Fig. 1 (g), we show the two-magnon
correlations along the minor diagonal line Γl,l+1. More-
over, when the modulation parameter δ changes from 0
FIG. 2. The butterfly-like spectrum for the two-magnon
bound-states. We diagonalize the Hamiltonian (1) with
∆/J = 100, Lt = 100 and different values of δ: (a) δ = 0 and
(b) δ = pi/4. The values of λ are set as λ/J = J [∆ cos (piβ)]−1
for β 6= 1/2, and λ = 0 for β = 1/2. The energies E/J are
added with a constant ∆/J + 2J/∆.
to 2pi, the two-magnon spectrum varies continuously and
periodically with a period 2pi/q. In Fig. 3, we show how
the two-magnon spectrum changes with δ. According to
the bulk-edge correspondence, the topological bulk state
under periodic BC corresponds to the edge state under
open BC. We do find one edge state traversing in the
energy gap for the system under open BC.
It is important to clarify the role of interaction in
the emerging of topological magnon bound-states. Un-
der strong interaction, the energy spectrum will be sep-
arated into two bands: the upper band for continuum
states and the lower band for bound-states, see Fig. 1
(a). Our calculation shows that the topological states ly-
5FIG. 3. (Color online) The two-magnon spectrum versus the
periodic parameter δ. (a-b) periodic BC (Lt = 99); (c-d)
open BC (Lt = 100). (b) and (d) are the enlarged magnon-
bound-state spectra in (a) and (c), respectively. The other
parameters are chosen as ∆/J = 100, λ/J = 0.04, and β =
1/3.
ing in the lower band are bound-states. This means that
the topological states in our interacting system are indeed
interaction-assisted. Moreover, the interaction-assisted
topological states are not limited to two-magnon exci-
tations, but also could be generalized to multi-magnon
excitations, which provide extra robustness for these
topological bound-states. In contrast, most topologi-
cal states found in condensed matter physics will be
destroyed when inter-particle interaction has been in-
troduced. Thus, our study adds a new member for
interaction-enabled topological states and also sheds light
on understanding interacting topological states.
V. EFFECTIVE SINGLE-PARTICLE
HAMILTONIAN
To give an effective picture for the topological magnon
bound-states and reveal the resemblance between our
model and the Harper-Hofstadter model35,36, we derive
an effective Hamiltonian by employing the many-body
perturbation theory. Under strong anisotropy (|J/∆| ≪
1 and |λ/∆| ≪ 1), which corresponds to strong inter-
actions between magnons, one can treat the sum of the
hopping term and the modulation term,
Hˆ1 = −J
∑
l
(
Sˆ+l Sˆ
−
l+1 + Sˆ
−
l Sˆ
+
l+1
)
+
∑
l
BlSˆ
z
l , (11)
as a perturbation to the sum of the interaction term and
the uniform field term,
Hˆ0 = −∆
∑
l
Sˆzl Sˆ
z
l+1 +B0
∑
l
Sˆzl . (12)
Within a many-body perturbation theory up to second
order (see Appendix B), the effective Hamiltonian reads
as
Hˆeff = −
J2
∆
Lt∑
m=1
(bˆ†mbˆm+1 +H.c.) +
Lt∑
m=1
µmbˆ
†
mbˆm, (13)
where µm = λ
′ cos(2piβm+ δ′) with the parameters λ′ =
2λ cos(piβ) and δ′ = δ + piβ. In our derivation, we have
chosen the periodic BC and omitted a constant energy
shift.
In the effective Hamiltonian, the two-magnon bound-
states are described as a single-particle states, which
are associated with the creation operator bˆ†m. Obvi-
ously, bˆ†m |0〉 is equivalent to Sˆ
+
mSˆ
+
m+1 |↓↓ . . . ↓〉. This
means that, bˆ†m simultaneously flips two neighbouring
spins: one on the m-th lattice site and the other one
on the (m + 1)-th lattice site. It is easy to find that
the form of the effective Hamiltonian is same as the
Harper-Hofstadter model35,36. Thus, the origin of topo-
logical magnon bound-states can be understood from the
integer quantum Hall states in the Harper-Hofstadter
model. That is, the topological magnon bound-state can
be looked as an analogue to integer quantum Hall state.
Therefore, the corresponding topological features could
be explained by the Chern topological invariant and the
edge states (see Appendix B). The topological features
given by the effective Hamiltonian are well consistent
with the numerical ones without using the perturbation
theory, which are presented in the previous section.
Since the effective Hamiltonian is derived in the con-
text of the second-order perturbation theory, it is unclear
whether the perturbation treatment retains the topolog-
ical nature of the original system. Through introducing
an auxiliary Hamiltonian, which is a combination of the
effective Hamiltonian and the original Hamiltonian, we
demonstrate the topological equivalence between the ef-
fective system and the original system (see Appendix C).
VI. SUMMARY AND DISCUSSIONS
In summary, we have explored the existence of topolog-
ical magnon bound-states in strongly interacting quan-
tum spin chains under cotranslational symmetry. We
find that the cotranslational symmetry allows us to define
a topological invariant for the interacting multi-magnon
6system. Through analyzing their topological features,
we demonstrate that topological magnon bound-states
do emerge and they are interaction-enabled. By em-
ploying the many-body degenerate perturbation theory,
we derive an effective model for the topological magnon
bound-states which resembles the interaction-free inte-
ger quantum Hall model, thus the topological magnon
bound-states could be understood as quantum Hall states
of bounded magnons. Our study not only provides a new
prospect to explore topological magnon excitations, but
also sheds lights on understanding strongly interacting
topological states.
Based on the current state-of-art in well-controlled
many-body quantum systems, it is possible to realize
our quantum spin chain with ultracold atoms. In re-
cent years, ultracold atoms have provided a leading plat-
form for simulate various many-body quantum models in
condensed matter physics and other fields. The Heisen-
berg XXZ chain has been experimentally realized with
two-component bosonic atoms in a one-dimensional opti-
cal lattice4,5, in which both single-magnon and magnon-
bound-states have been experimentally observed. To en-
gineer the desired on-site modulation on the systems4,5,
one can apply an additional state-dependent optical lat-
tice39, the Hamiltonian reads as
HˆBH = −
∑
〈j,k〉,σ=↑,↓
tσ bˆ
†
jσ bˆkσ +
∑
jσ
Uσσ
2
nˆjσ(nˆjσ − 1ˆ)
+ U↑↓
∑
j
nˆj↑nˆj↓ +
∑
jσ
Vjσ nˆjσ, (14)
where the state-dependent optical lattice potential gives
Vj↑ = −Vj↓ = λ cos(2piβj + δ). Using the experimen-
tal techniques in4,5, one can prepare an atomic Mott in-
sulator which obeys the spin chain model (1) with the
parameters
J =
2t↑t↓
U↑↓
, ∆ =
4t2↑
U↑↑
+
4t2↓
U↓↓
−
2(t2↑ + t
2
↓)
U↑↓
, (15)
where the pseudospin operators can be defined as Sˆ+l =
bˆ†l↑bˆl↓, Sˆ
−
l = bˆ
†
l↓bˆl↑ and Sˆ
z
l = (nˆl↑ − nˆl↓)/2. The interac-
tion strength between magnons can be tuned by Feshbach
resonance40,41.
It is also possible to realize our quantum spin chain
and observe the topological magnon bound-states with
ultracold trapped ions. In last years, the rapidly devel-
oping techniques in engineering ultracold trapped ions
have become sufficiently mature to simulate the mag-
netic phases and the quantum dynamics in Heisenberg
spin chains26–28.
Note added : During the finalization of the present ver-
sion (see Ref.42 for our previous version), we became
aware of the recent studies on two-particle topological
states in an interacting bosonic43 or fermionic44 SSH
chain. In Ref.43, the c.o.m momentum of the two in-
teracting particle is used as a good quantum number for
calculating the two-particle generalized Zak phase, which
is very similar to the use of c.o.m momentum for calcu-
lating our defined Chern number. In Ref.44, an effective
Hamiltonian for two-hole states in strongly interacting
systems are given, which connects the two-hole model to
a noninteracting single-hole model.
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Appendix A: Calculation of the Chern number
Below we give the procedure of calculating the Chern
number via our definition (8). Firstly, the 2D parameter
space is discretized as {kα = 2piα/Lt, δj = 2pij/Nδ} with
α = {1, 2, . . . , Lt/q} and j = {1, 2, . . . , Nδ}, thus the
Chern number is given as
Cn =
1
2pi
∑
α,j
Sα,j(Fn), (A1)
with
Sα,j(Fn) =
∫ kα+1
kα
dk
∫ δj+1
δj
dδ Fn(k, δ), (A2)
being the integral of the Berry curvature over the rect-
angular region, Rα,j = [kα, kα+1] × [δj , δj+1]. Accord-
ing to Stokes’ formula, the integral Sα,j(Fn) is equal to
the line integral of the Berry connection, (Ak,Aδ) =
i 〈φk,δ | (∂k, ∂δ) |φk,δ〉, along the boundary of Rα,j (de-
noted as Bα,j), i.e., the Berry phase along Bα,j.
The Berry phase can be given as the limit of the dis-
crete geometric phase as Nδ →∞ and Lt →∞
45. If the
integral region Rα,j is sufficiently small, the Berry phase
along Bα,j can be approximately replaced by the discrete
geometric phase along the four vertices of the rectangular
region Rα,j
46, that is,
Sα,j(Fn) = −Im
[
ln
(
U12U23U34U41
)]
. (A3)
Here, Ujj′ = 〈φj | φj′ 〉 / |〈φj | φj′ 〉|, |φ1〉 =
∣∣φkα,δj〉,
|φ2〉 =
∣∣φkα+1,δj〉, |φ3〉 = ∣∣φkα+1,δj+1〉, |φ4〉 = ∣∣φkα,δj+1〉,
and the principal branch of the natural logarithm is spec-
ified in (−pi, pi].
Appendix B: Derivation of the effective Hamiltonian
Under strong anisotropy (|J/∆| ≪ 1 and |λ/∆| ≪ 1),
the two magnons can form a magnon bound-state and
7thus can be recognized as a single quasiparticle. In this
section, we will use the 2nd order perturbation theory for
many-body degenerate quantum systems47 to derive an
effective Hamiltonian for the two-magnon bound-states.
As |J/∆| ≪ 1 and |λ/∆| ≪ 1, separating the Hamil-
tonian (1) as Hˆ = Hˆ0 + Hˆ1, one can treat
Hˆ1 = −J
∑
l
(
Sˆ+l Sˆ
−
l+1 + Sˆ
−
l Sˆ
+
l+1
)
+
∑
l
BlSˆ
z
l . (B1)
as a perturbation to
Hˆ0 = −∆
∑
l
Sˆzl Sˆ
z
l+1 +B0
∑
l
Sˆzl . (B2)
For clarity, we first assume the system (1) obeying the
periodic BC.
To implement the perturbation treatment, we give
the projection operator onto the subspace involved by
the magnon bound-states and the projection operator
onto the orthogonal component of the involved subspace.
The unperturbed term Hˆ0 has only two eigenvalues: (i)
E0 = −∆(
1
4Lt − 1)−B0(
1
2Lt − 2) for the Lt-fold degen-
erated ground-states {|Gl〉 = |l, l+ 1〉 : 1 ≤ l ≤ Lt} and
(ii) El1l2 = −∆(
1
4Lt−2)−B0(
1
2Lt−2) for excited eigen-
states {|El1l2〉 = |l1, l2〉 : l1 + 1 < l2, (l1, l2) 6= (1, Lt)}.
The two-magnon bound-states only involve the subspace
U0 spanned by Lt independent ground states |Gl〉. The
projection operator onto U0 reads as
Pˆ0 =
∑
l
|Gl〉 〈Gl| . (B3)
Introducing V0 as the orthogonal complement of U0, the
projection operator onto V0 reads as
Sˆ =
∑
El1l2 6=E0
1
E0 − El1l2
|El1l2〉 〈El1l2 | . (B4)
Using the notations Pˆ0 and Sˆ and including the pertur-
bations up to second order47, the effective Hamiltonian
is given as,
Hˆeff = hˆ0 + hˆ1 + hˆ2 = E0Pˆ0 + Pˆ0Hˆ1Pˆ0 + Pˆ0Hˆ1SˆHˆ1Pˆ0.
(B5)
One can benefit from the fact that the transverse cou-
pling term only contributes to hˆ2 while the modulation
term only contributes to hˆ1.
Using Eqs. (B1) and (B3), the first-order perturbation
reads as
hˆ1 = Pˆ0Hˆ1Pˆ0 =
∑
mm′
|Gm〉 〈Gm| Hˆ1 |Gm′〉 〈Gm′ | . (B6)
Since 〈Gm| Sˆ
z
l |Gm′〉 = δmm′(δl,m + δl,m+1 −
1
2 ), we have
〈Gm| Hˆ1 |Gm′〉 = δmm′(Bm + Bm+1 −
1
2
∑
lBl) and so
that
hˆ1 =
Lt∑
m=1
(
Bm +Bm+1 −
1
2
∑
l
Bl
)
|Gm〉 〈Gm| . (B7)
Since 〈El1l2 | Sˆ
z
l′ |Gm′〉 = 0, the second-order perturba-
tion hˆ2 = Pˆ0Hˆ1SˆHˆ1Pˆ0 reads as
hˆ2 =−
J2
∆
∑
mm′ll′l1l2
[
|Gm〉 〈Gm| Tˆl |El1l2〉
× 〈El1l2 | Tˆl′ |Gm′〉 〈Gm′ |
]
, (B8)
where, Tˆl = Sˆ
+
l Sˆ
−
l+1 + Sˆ
−
l Sˆ
+
l+1, the summation indices
{m,m′, l, l′} take values from {1, 2, . . . , Lt} and {l1, l2}
is summed over all states of El1l2 6= E0. Introducing the
notations
T lml1l2 = 〈Gm| Tˆl |El1l2〉 , (B9)
∣∣G′l1l2〉 =∑
lm
T lml1l2 |Gm〉 , (B10)
we have
〈
G′l1l2
∣∣ =∑l′m′ 〈Gm′ |T l′m′∗l1l2 and
hˆ2 = −
J2
∆
∑
mm′ll′l1l2
|Gm〉T
lm
l1l2T
l′m′∗
l1l2 〈Gm′ |
= −
J2
∆
∑
l1l2
∣∣G′l1l2〉 〈G′l1l2 ∣∣ . (B11)
Using the commutation relations of the spin operators,
after some algebra, we obtain∣∣G′l1l2〉 = δl1,l2−2(|Gl1〉+ |Gl1+1〉)
+δl1−2,l2(|Gl2〉+ |Gl2+1〉). (B12)
Inserting Eq. (B12) into Eq. (B11), we get
hˆ2 = −
J2
∆
∑
l1l2
[
δl1,l2−2(|Gl1〉+ |Gl1+1〉)(〈Gl1 |+ 〈Gl1+1|)
+δl1−2,l2(|Gl2〉+ |Gl2+1〉)(〈Gl2 |+ 〈Gl2+1|)
]
. (B13)
Since δl1,l2−2 = 1 for (l1, l2) = (m,m + 2) with m ∈
{1, 2, . . . , Lt− 2} and δl1−2,l2 = 1 for (l1, l2) = (1, Lt− 1)
or (2, Lt), we have
hˆ2 = −
J2
∆
Lt∑
m=1
(|Gm〉+ |Gm+1〉)(〈Gm|+ 〈Gm+1|). (B14)
From Eqs. (B5), (B7), and (B14), one can obtain the
effective Hamiltonian
Hˆeff = −
J2
∆
∑
m
(|Gm〉 〈Gm+1|+ |Gm+1〉 〈Gm|)
+
∑
m
(Bm +Bm+1 + V
eff
0 ) |Gm〉 〈Gm| . (B15)
with the constant
V eff0 = 2B0 −
1
2
LtB0 −
1
2
∑
l
Bl −∆
(
1
4
Lt − 1
)
−
2J2
∆
.
8In order to capture the single-quasiparticle nature of
the magnon bound-states, we introduce creation oper-
ators bˆ†m for the magnon bound-states, which flips the
spin on the m-th lattice site and the spin on the (m+1)-
th lattice site from the vacuum states |0〉 = |↓↓ . . . ↓〉.
That is, bˆ†m ⇔ Sˆ
+
mSˆ
+
m+1 and
∣∣nMBSm = 1〉 = bˆ†m |0〉 ⇔
|nm = 1, nm+1 = 1〉 = Sˆ
+
mSˆ
+
m+1 |0〉. Therefore, from
Eq. (B15), the magnon bound-states obey the effective
single-particle Hamiltonian,
Hˆeff = −
J2
∆
Lt∑
m=1
(bˆ†mbˆm+1+H.c.)+
Lt∑
m=1
µmbˆ
†
mbˆm, (B16)
where µm = Bm+Bm+1+V
eff
0 . Since Hˆeff commutes with
Nˆb =
∑
m bˆ
†
mbˆm, i.e. [Hˆeff , Nˆb] = 0, the term V
eff
0 Nˆb
only causes an energy shift. Therefore, we can ignore
V eff0 in µm without changing the spectrum structure of
the effective Hamiltonian (B16).
To calculate the single-particle spectrum of the effec-
tive Hamiltonian (B16), assuming the wavefunction as
|Ψ〉 =
∑
m ψ(m)bˆ
†
m |0〉, the eigenequation Hˆeff |Ψ〉 =
E |Ψ〉 reads as
Heffψ(m) = −J
eff
[
ψ(m+ 1) + ψ(m− 1)
]
+ µeffm ψ(m),
= Eψ(m), (B17)
where, Jeff = J2/∆ > 0 and µeffm = Bm + Bm+1 =
λ′ cos(2piβm + δ′) with the parameters λ′ = 2λ cos(piβ)
and δ′ = δ + piβ. Obviously, the above eigenequation
[Eq. (B17)] reproduces the Harper equation29 with the
parameters determined by the anisotropy ∆ and the fre-
quency β. Therefore, our effective model can be mapped
onto the 2D Hofstadter model that exhibits the well-
known butterfly spectrum. Our calculations do confirm
the appearance of the butterfly-like spectrum in the two-
magnon bound-state band.
Moreover, the cotranslation operator T (2) commutes
with the effective Hamiltonian, [T (2), Heff ] = 0. The ac-
tion of T (2) on the states of the effective model reads
as T (2)ψ(m) = ψ(m + q). Since µeffm+q = µ
eff
m , the
quasi-momentum k corresponding to T (2) [T (2)ψ(m) =
eikqψ(m)] is the Bloch momentum of the effective model.
Hence, the quasi-momentum of the cotranslation opera-
tor is a generalization of the Bloch momentum in non-
interacting 1D systems with translational symmetry to
our interacting 1D systems with cotranslational symme-
try, and the Chern number (8) is an analog to the one
introduced in the noninteracting 1D systems29.
Denoting ψn,k = ψn,k(m) as the common eigenstates of
Heff and T
(2), that is Heffψn,k = Enψn,k and T
(2)ψn,k =
eikqψn,k, we have ψn,k(m) = e
ikmφn,k(m) with φn,k(m+
q) = φn,k(m) due to the Bloch’s theorem. In terms of
φn,k, the eigenequation (B17) can be expressed as
Eφn,k(m) = −J
eff
[
eikφn,k(m+ 1) + e
−ikφn,k(m− 1)
]
+µeffm φn,k(m) (B18)
FIG. 4. (Color online) The bound-state spectrum for the
systems under the periodic BC. The black circles denote the
eigenenergies for the effective Hamiltonian (B16) and the red
dots are the Lt lowest eigenenergies for the original Hamilto-
nian (1). The parameters are chosen as λ/J = 0.04, β = 1/3,
δ = pi/6, Lt = 99, and different values of ∆/J : (a) ∆/J = 1,
(b) ∆/J = 3, (c) ∆/J = 5, (d) ∆/J = 100. The eigenenergies
E/J are added with a constant ∆/J + 2J/∆.
with q independent functions φn,k(m). Then the single-
particle spectrum of the effective model is given by diag-
onalizing the q × q matrix for the effective Hamiltonian.
In Fig. 4, we show the spectrum of the effective Hamil-
tonian (B16) and the magnon bound-state bands of the
original Hamiltonian (1). Under sufficiently strong in-
teractions, the effective model (B16) well describes the
magnon bound-states in the original system (1).
Under the periodic BC, the Bloch momentum k for
the effective Hamiltonian (B16) is a good quantum num-
ber and (k, δ) makes up a 2D parameter space to define
the Chern number. We calculate the Chern numbers for
the whole spectrum of the effective Hamiltonian using
the same parameters given in Tab. I. The results are
consistent with the ones in Tab. I for the original sys-
tem (1). This means that the topological features of the
two-magnon bound-states in the original Hamiltonian (1)
can be described by the effective single-particle Hamilto-
nian (B16).
So far, we only consider the system under the periodic
BC. However, the BCs may have strong effects on the
spectrum and the emergence of the edge states. Below we
consider the system under the open BC and its effective
single-particle Hamiltonian.
Under the open BC, the dimension of the Hilbert space
spanned by the ground states |Gl〉 = |l, l+ 1〉 is Lt − 1
rather than Lt for the system under the periodic BC.
The Hilbert space for the magnon bound-states is then
U1 = {|Gl〉 : 1 ≤ l ≤ Lt − 1}, and the corresponding
projection operator onto U1 is still Eq. (B3) but with
9FIG. 5. (Color online) The bound-state spectrum for the sys-
tems under the open BC. The black circles denote the eigenen-
ergies for the effective Hamiltonian (B21) and the red dots are
the Lt lowest eigenenergies for the original Hamiltonian (1).
The parameters are given as λ/J = 0.04, β = 1/3, δ = pi/6,
Lt = 46, and different values of ∆/J : (a) ∆/J = 1, (b)
∆/J = 3, (c) ∆/J = 5, (d) ∆/J = 100. The energies E/J
are added with a constant ∆/J + 2J/∆.
the summation index l from 1 to Lt − 1. Following the
similar procedure of deriving the effective Hamiltonian
under the periodic BC, we obtain the effective Hamilto-
nian HˆOeff = hˆ
O
0 + hˆ
O
1 + hˆ
O
2 with
hˆO1 =
Lt−1∑
m=1
(
Bm +Bm+1 −
1
2
∑
l
Bl
)
|Gm〉 〈Gm| ,
(B19)
and
hˆO2 = −
J2
∆
Lt−2∑
m=1
(|Gm〉+|Gm+1〉)(〈Gm|+〈Gm+1|). (B20)
Introducing the creation operators bˆ†m (in which the index
m = {1, 2, · · · , Lt − 1}), the effective Hamiltonian reads
as
HˆOeff = −
J2
∆
Lt−2∑
m=1
(bˆ†mbˆm+1 +H.c.) +
Lt−1∑
m=1
µmbˆ
†
mbˆm
+
J2
∆
(bˆ†1bˆ1 + bˆ
†
Lt−1
bˆLt−1), (B21)
with µm = Bm+Bm+1+V
eff
0 . The validity of the effective
Hamiltonian under the open BC is shown in Fig. 5.
Appendix C: Topological equivalence between the
effective Hamiltonian and the original Hamiltonian
Since the mapping from the original model to the ef-
fective model is in the context of the second-order per-
FIG. 6. (Color online) The energy gaps versus the deforming
parameter η. We consider the system (C1) under the periodic
BC. The parameters are chosen as ∆/J = 100, λ/J = 0.04,
β = 1/3, and Lt = 99.
turbation theory, one can not guarantee that such a per-
turbation treatment retains the topological nature of the
original model. Below, through introducing an auxiliary
model, we demonstrate the topological equivalence be-
tween the original model and the effective model numer-
ically.
According to the topological band theory6,7, the gap
in a topological system is associated with an index that
characterizes the topological nature of the bands below
this gap. In fact, such an index is a topological invari-
ant and it equals to the sum of the Chern numbers of
the bands below this gap. Two gapped systems belong
to the same topological state if they can be continuously
deformed from one into the other without gap closing.
And vice versa, when a system with a topological index
is continuously deformed into another system with dif-
ferent topological index (i.e. the two systems are not
topologically equivalent), the bands will invert and the
gap closes during the deforming process. Correspond-
ingly, a so-called topological phase transition occurs in
the gap closing process.
To show the topological equivalence between the orig-
inal model and the effective model, we introduce an aux-
iliary model,
HˆA(η) = Hˆ + η(Hˆeff − Hˆ), (C1)
which is a combination of the original model Hˆ described
by the Hamiltonian (1) and the effective model Hˆeff de-
scribed by the Hamiltonian (B16). Here, η is the deform-
ing parameter. To discuss the two-magnon excitations,
Hˆ and Hˆeff are both restricted in the two-magnon Hilbert
space. Therefore Hˆeff can be explicitly rewritten in the
form of
Hˆeff =−
J2
∆
∑
m
(Sˆ+mSˆ
+
m+1Sˆ
−
m+2Sˆ
−
m+1 +H.c.)
+
∑
m
µmSˆ
+
mSˆ
+
m+1Sˆ
−
m+1Sˆ
−
m, (C2)
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with µm = Bm +Bm+1 + V
eff
0 .
Obviously, HˆA = Hˆ for η = 0 and HˆA = Hˆeff for
η = 1. Thus, if the parameter η is continuously changed
from 0 to 1, the system HˆA continuously deforms from
Hˆ into Hˆeff . The energy gap between the j-th subband
and the (j + 1)-th subband for the magnon bound-state
band of HˆA can be given as
δEj,j+1 = min
k,δ
[
Ej+1(k, δ)− Ej(k, δ)
]
. (C3)
To explore whether the effective model H and the orig-
inal model Hˆeff are topological equivalent, we calculate
the energy gap versus the deforming parameter η. As an
example, for β = 1/3, there are three subbands in the
magnon bound-state band and therefore there are two
energy gaps δE12 and δE23. As shown in Fig. 6, the en-
ergy gaps are nonzero for all η, that is the energy gaps
keep open during the whole deforming process. This in-
dicates that the original model and the effective model
are topological equivalent.
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